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Accepted: 12-Nov.2024 denoted by t(G), is the total number of distinct spanning trees of G. This research aims

to formulate the complexity of pencil graph and line pencil graph. In this research,

Key WTrd,S: ] the complexity of pencil graph and line pencil graph are determined using the graph
Cloml;() exity - complement approach. The result of the research are the complexity of pencil graph
Bloc .MGtI’IX, and line pencil graph.

Pencil Graph

Misalkan G adalah sebuah graf tak-terarah terhubung. Setiap graf terhubung G pasti
mengandung sebuah pohon merentang T, yaitu sebuah subgraf dari G yang
merupakan sebuah pohon dan memuat semua simpul dari G. Jumlah pohon
merentang dalam G, disebut juga kompleksitas graf G, yang dilambangkan dengan
©(G). Penelitian ini bertujuan untuk memformulasikan kompleksitas dari graf pensil
dan graf garis dari graf pensil. Pada penelitian ini, kompleksitas graf pensil dan graf
garis dari graf pensil ditentukan dengan menggunakan pendekatan komplemen graf.
Hasil dari penelitian ini adalah kompleksitas dari graf pensil dan graf garis dari graf
pensil.

This is an open access article under the CC-BY-SA license @

How to Cite:
Hanssen, C., Fran, F., & Yundari. (2024). The complexity of pencil graph and line pencil graph. Pythagoras: Jurnal
Pendidikan Matematika, 19(2), 115-125. https://doi.org/10.21831/pythagoras.v19i2.77747

d https://doi.org/10.21831/pythagoras.v19i2.77747

INTRODUCTION

Graph theory is a discipline of discrete mathematics that can be implemented in many different
areas. Graph theory has applications in computer science, industry, security, government, and others
(Ali et al., 2022; Joedo et al., 2022; Verma et al., 2022). One of the discussions in graph theory that is
still a frequently studied topic is the complexity of the graph.

The complexity of a connected undirected specific graph G, denoted by 7(G). There are numerous
techniques for counting the complexity of the graph. Kirchhoff was the first to examine the matter of
counting spanning trees of a graph and provided the Matrix-Tree theorem for calculating the
complexity of any connected graph (Zhang & Yan, 2020). The Kirchhoff Matrix Tree Theorem is a
simple and effective method for finding the complexity in a graph G using determinant. However,
evaluating the appropriate determinant in a sizeable generic graph is time-consuming and
computationally inefficient. Therefore, different techniques have been developed to count the number
of spanning trees in certain graphs (Daoud, 2019b, 2019a).
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Many researchers have developed the concept of complexity graphs by applying it to various types
of graphs. Daoud has obtained several results on the number of spanning trees of graphs formed by
wheel graph and their asymptotic limits using the recurrence relation and deletion-contraction method
(Daoud, 2017). Meanwhile, Daoud and Mohamed have done a related study that calculated the
number of spanning trees of some families of cycle-related graphs using the graph complement
approach (Daoud & Mohamed, 2017).

The complexity of some families of graphs formed by a triangle using the same approach is
discussed by (Daoud, 2019a, 2019b). Zeen El Deen and Aboamer have determined the complexity of
some duplicating networks (Zeen El Deen & Aboamer, 2021). In addition, several previous studies
focus on examining the complexity of another various graphs , (Afzal et al., 2022; Daoud, 2014; Daoud
& Saleh, 2020; Fran et al., 2024; Zeen El Deen, 2023; Zeen El Deen & Aboamer, 2021) This research
adopts the method (based on the graph complement approach) to calculate the complexity of the
graph under study. This research determined the complexity of some specific graph families (pencil
graph Pc,, and line pencil graph L(Pc,)).

METHODS

This research applies the graph complement approach to determine the complexity of some specific
graph families. The complexity of the graph G, denoted by T(§), is the number of spanning trees in G.
The following explains several definitions and lemmas that define a method for computing the
complexity of pencil graph Pc,, and line pencil graph L(Pc,,).

Definition 1. (Chartrand et al., 2015) A graph G is a possibly empty set E(G) consisting of two element
subsets of V(G) called edges and a specific non-empty set V(§) having elements called vertices (the
singular form is vertex). Symbols |[V(G)| for the number of vertices and | E(G)| for the number of edges.
|V (G)| represents the order of a graph G.

Definition 2. A graph # is subgraph of a graph Gif V(H) € V(G) and E(H) € E(G). If V() €< V(G)
and E(H) < E(G), then a graph # is subgraph of a graph G.

As an example, below is an illustration of graph G4 and G,.

Figure 1. (a) Graph G; and (b) Graph G,

Figure 1 (a) illustrated graph G; which has |[V(G;)| =4 and |E(G1)| = 6, with a vertex set
V(G) = {v1,v2,v3,14} and an edge set E(G1) = {eq, e,, €3, €4, €5, e¢}. Figure 1 (b) illustrated graph
G-. Graph G, is a subgraph of graph G4 because all vertices and edges in graph G, are contained in

graph G;.
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Definition 3. A tree is a connected undirected graph that has no cycles.

The following examples of tree and non-tree are illustrated in Figure 2.

12 v, v U3 Vs

%1
(a) (b)

Figure 2. (a) Graph G5 is tree and (b) Graph G, is non-tree

Figure 2 (a) illustrated graph G5 which is a tree. Figure 2 (b) illustrated graph G,. Graph G, is not a tree
because it contains a cycle.

Definition 4. If a subgraph T of connected graph § is a tree that includes all the vertices of G, then T
is a spanning tree of G.

Based on Figure 2 (b), graph G, is a connected graph and its spanning trees are illustrated in Figure 3.

v, v Uy v U3 Uy V2 V3 Vs
L J @ ®
VU1 %] U1
(a) (b) (c)

Figure 3. (a) Tree 73, (b) Tree 75, and (c) Tree T3

Definition 5. (Simamora & Salman, 2015) Let n be a positive integer with n > 2. A pencil graph,
denoted by Pc,, is a graph that has 2n + 2 vertices, with the vertex set and the edge set as follows.
V(Pcn) = {ukl vklk E [O,n]}

E(Pcy) = {ugups1, Vi V41lk € [1,n = 1]} U {u vk lk € [0,n]} U {uguy, ugvy, upnvo, vy vo}

As an illustration, the pencil graph Pc,, as shown in Figure 4.

Ug Vo

U1 VU2 Un-1 Un

Figure 4. Pencil Graph Pc,
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Definition 6. Let G be a graph with vertex set V(G) and edge set E(G). The line graph L(G) is a graph
with V(L(g)) = E(G) and vertices in L(G) are adjacent if and only if the related edges are incident in

G.

The following line pencil graph L(Pc,,) are illustrated in Figure 5.

Figure 5. Line Pencil Graph L(Pc,,)

Lemma 1. (Daoud & Saleh, 2020) Let G be a graph with n vertices and G is the complement of G.
Then,

1 _ _
7(G) = = det(nl — D(G) + A(G))

with A(G) are the adjacency matrix of G, D(G) are degree matrix of G and I is the n X n identity

matrix.
Lemma 2. Let 4,,(x) be anm X m matrix, m > 1, y? # 1 such that
2y =1 0 - - 0
_1 2)( . 8 M
Am(X) - 0 O
: oo 2y —1
0 - - 0 -1 2y
then,

det(4,,(0)) = 2\/% [(x + m)m“ B (x _ m)mﬂ}

Lemma 3. (Zeen El Deen & Aboamer, 2021) Let By, () be an m X m circulant matrix, y = 2 such

that
X 1 vee vee ves 1
1 o
Bm()() =|.
. |
1 e e e 1y

then, det(B,,(x)) = (x + m— 1)(y — )™ L.
Lemma 4. (Deen et al., 2024) Let A, B € F™™ with AB = BA and C € F?™*?" sych that
(A B
c=[5 4l

then, det(C) = det(A — B) det(A + B).
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Lemma 5. (Javaid et al., 2021) Let K, L, M, and V' be matrices of dimension n X n, n X m,
m X n, and m X m, respectively. If K and N are invertible, then

K Ly i R
det[M N]_detycdet(N MK1L) = det N det(K — LN ~1M)

Figure 6. Pencil Graph Pc,

Example 1. Let Pc, be a graph with 6 vertices as illustrated in Figure 6. Then, the number of spanning
trees of Pc, is obtained by the following steps.

First, it can be obtained the A(Pc,) and D(Pc,) from Figure 6.

[000101" [200000]
0O 01 010 0 2 0 0 0 O
— o100 01 — oo 2000
AP =11 g g 0 1 of™MPPD=l5 o o 2 0 0
01 01 0 O 0 0 0 0 2 O
1 01 0 0 O 0 0 00 0 2
From A(Pc,) and D(Pc,), matrix 61 — D(Pc,) + A(Pc,) can be formed.
4 0 0 1 0 1
0 4 1 0 1 0
. —lo1 400 1
6] — D(Pc,) + A(Pc,y) = 100 4 1 0
01 0 1 4 0
1 01 0 0 4

Then, applying Lemma 1 yields

w(Pey) = detlol — D(Pe;) + ACPE)]

40010 1
041010

1 101 4 0 0 1|_1 A B

_%det100410_%det[3T C]
0101 4 0
1010 0 4
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Applying Lemma 5 yields

1
©(Pcy) = %det(A) det(C — BTA™'B)

51

4
—1dtg 2 (1)dt 56 1L 60)5) = —(2700)
BEC I V5 (736 ~ 36

1 1 31

4 15 604
=75

Thus, the complexity of Pc, is 75.

RESEARCH AND DISCUSSION

This research produces two theorems on the complexity of pencil graph Pc,, and line pencil graph
L(Pcy), as follows.

3.1 Complexity of Pencil Graph
Complexity of pencil graph is referred to as the number of spanning trees of pencil graph. A

subgraph T is a spanning tree of pencil graph if T is a tree that includes all the vertices of pencil graph.
The following is a proof of the complexity theorem on the pencil graph.

Theorem 1. Given a pencil graph Pc,,, then the complexity of pencil graph Pc,, withn = 2 is

n+3 n+1 n+1

T(PCn) = ﬁ [(2 + \/g) - (2 - \/5_)) ]

Proof. Order of the pencil graph Pc,, is |V (Pc,)| = 2n + 2 and number of edges are |E(Pc,)| = 3n +
3, see Figure 4. Applying Lemma 1 yields

T(PCn) =mdet[(2n+ 2)1 —D(Pcn) +A(Pcn)]
4 0 0 1 e eee e 10 1 e cor oo 17
04 1 - «or --e 1 0 1 -or ooe oee 10
0140 1 - - 10 1 - eeor one 1
1:04 ~ =~ ~ +10 =~ = =~
L O T
EE I .1
_ 1 det| 1 4 0 : 01
= ——=det
(2n + 2)2 10 1 - 1 0 4 1 oo eee oo 10
01 0 1 «v cov ooe 14 0 1 o - 1
1:10 .10 4 - :
: A :
Lo oE 1
1 01 40
10 1 v cer oo 101 - - 1 0 4
_ 1 det [A2x2  Baxan
(2n + 2)? [Binx2  Canxzn
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Applying Lemma 5 yields

1
— T 4-1
T(PCn) —mdet(/l) det(C—B A B)
4 0 1P @
- arsels Yol 9,
(2n + 2)? ¢ [0 4] “zlo Plynxon
42—271
ey 9,
(2n+2)2 Q P2n><2n
Where,
(15 -1 3 3 47
T 3 4
-1 14 -2 2 2 3 3 22 2 3
3 =2 oo : o9 - .
N .o =2 3 Y
3 2 2 -2 14 -1 i g 2_32 31
[ 4 3 3 1 15‘nxn nxn
By applying Lemma 4, obtained results
2-2n
(Pc = — =det(P — Q) det(P
14 2 6 - 6 81
16 —40 -+ 0 212044 6
42-2n —4 oo 6 0 ~ i
=——  xdet| 0 0 xdet| : 4 w4
2
(@n+2) e g 06
0 - 0—-4161,xn 6 4--4012 2
(8 6 - 6 2 14,
r14 2 6 ...... 6 8-
4 -10 0 21204 -4 6
42-2n -1 =~ - : 6 0 ~ i
=— x| 4™det| 0 0 xdet] : 4 - w4
2
(2n+2) : w1 C e 06
0 0 -1 41,n 6 440122
[ 8 6 - 6 2 14,
By applying Lemma 2 and simple induction using determinant properties, obtained results
42-2n 4n n+1 n+1
(Pc,) = x[ 2++3 —(2-+3 ]x22n_42 +2)*(n+3
Ped) =z X 55 (V) = (2=V3) )| x 2 Cn + 270+ 3]

_n+3

23

[2+v3)"™ - (2-v3)"|.»

In Example 1, it is obtained that the number of spanning tree of Pc, is 75. By applying Theorem 1, the
number of spanning trees of Pc, is as follows.

1(Pc;) = % (2+v3)™ = (2-v3)"| = zi\/§ (2+V3)" - (2-+3)]
5 150
= 75.

3.2 Complexity of Line Pencil Graph
Complexity of line pencil graph is referred to as the number of spanning trees of line pencil graph.

A subgraph T is a spanning tree of line pencil graph if T is a tree that includes all the vertices of line
pencil graph. The following is a proof of the complexity theorem on the line pencil graph.
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Theorem 2. Given a line pencil graph L(Pc,,), then the complexity of pencil graph L(Pc,) withn > 2
is
1 1
t(L(Pcy)) = 213" 1 (n + 3)V3 [(2 +v3)" - (2-v3)" ]
Proof. Order of the pencil graph Pc, is |V(L(Pcn))| =3n+ 3 and number of edges are
|E(L(Pcn))| = 6n + 6, see Figure 5. Applying Lemma 1 yields

t(L(Pcy)) = det[(3n + 3)I — D(L(Pcy)) + A(L(Pcy))]

~ (3n+3)2
51 e e 101 1001 - 1 0
15~ ~:001-100 11
S S AN
SRR A T |
1 eee e 1511001100
00 1 -+-150 1 10 1 - - 1
1 1% % % i05 n =~ i10 = = i
= det|: oo 11w oo 1 E o
Gn+3) 11 . 100:~~50:=-01
01 - 1011 005 1 - - 10
00 1 «+ 10 1 v «e 150 1 - 1
1 - - :10 P05 o
R S T |
11 00 : - 01: =~ =~ 50
__0 1 ««« 1 01 - - 1 01 - 1 0 54
3 1 det Am+1)x(n+1) B(n+1)x(2n+2)]
(3n + 3)? _B(Tanz)x(n+1) Cizn+2)x@2n+2)

Applying Lemma 3 and Lemma 5 yields

(£(Pcy) ;d t(A) det(C — BTA™'B)
T Cn Gnt3)? et(4) de
5 1 ev oo 1
L X det 1 5 X det ! q
(3n + 3)2 € . ] 1 € <4‘n + 20 [Q P](2n+2)x(2n+2)>
1o e 1 Sdgmsnxm+n
4"(n+5) det([P @
~ (3n+ 3)2(4n + 20)2n+2 et<[Q P](2n+2)x(2n+2)>
Where,
14n+ 106 11—-5n 36 --- 36 31—-n
11—-5n 14n+ 106 36 36 36
36 11 —-5n . : :
P = : 36 36 :
: : R 11 - 5n 36
36 36 . 36 11—-5n 14n+ 106 11-5n
31—n 36 36 11-5n 14n+ 106 ni1)xms1)
and
6—6n 31—n 36 36 31 — n
31—-n 26—2n 31—n 36 36 36
36 31—n : :
Q= : 36 36 :
: : - . 31—n 36
36 36 36 31—n 26—2n 31—n
131 —n 36 . 36 31=n 6= 6Ndmin)xm+1)
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By applying Lemma 4, obtained results

4"(n +5)
t(L(Pcy)) = G 3y2(an + zoyee det(P — Q) det(P + Q)
20n+100 —4n—20 0 - 0
4"(n +5) —4n—-20 16n+80 - i :
. . 0

= X det 0 “ .
2 2n+2
(3n +3)2(4n + 20) : . 16n+80 —4n—20

0

0 —4n—20 20n+ 100
8n+ 112 42—-6n 72 - - 72 62 —2n T
42 —-6n 12n+132 *~ 72 .- 72 72
72 :
X det : 72 72 :
79
72 72 < 72 . 12n+4+132 42 —6n
L 62 — 2n 72 cee oo 72 42—6n 8n+ 112

By applying Lemma 2 and simple induction using determinant properties, obtained results

4"(n+5) n+1 n+1
L(P = X (4n + 20)"+1 2 —-(2-
(L) = Gy aoe * (n + 20M 3|2 443) - (2-3)

x 2"337""1(3n + 3)2(n + 3)(n + 5)"

n+1 n+1

=2"13" 1 (n 4+ 3)V3[(2+V3)" - (2-v3)" |.m
Example 2. Let L(Pc,) be a graph with 9 vertices as illustrated in Figure 7. Then, by applying Theorem
2, the number of spanning trees of L(Pc,) is as follows.

(L(Pe;)) =22%132712+3)V3[(2+V3) —(2-V3) |
= 23(5)V3[(2+V3) — (2 - V3)'| = 120v3[30V3]

= 10800.
1 Y2 Y3
k -
NN

Figure 7. Line Pencil Graph L(Pc,)

CONCLUSIONS

This research has determined the exact value of complexity of pencil graph and line pencil graph
using graph complement approach. The results indicate that this reserach produces two theorems of

complexity of the graphs. This research has discovered that the complexity of pencil graph Pc, is
n+

©(Pcy) = 2—\/; [(2 + \/3_’)n+1 — (2 — \/§)n+1], forn > 2. The complexity of line pencil graph L(Pc,,) is

t(L(Pey)) = 2137 + 33 [(2 +V3) " — (2-V3)" | forn 2 2.
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