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 This study investigates a predator–prey model incorporating the 
Monod–Haldane functional response and the fear effect on prey. The 
objective of this research is to analyze population dynamics and system 
stability under the influence of prey fear. The model is examined through 
equilibrium and stability analysis and verified using numerical 
simulations with phase portraits. The results demonstrate that the fear 
effect significantly alters the stability of the interior equilibrium point 
and affects predator–prey population dynamics. These findings highlight 
the important role of behavioral factors in shaping ecological 
interactions. 
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Introduction 

Ecosystems are shaped by interactions among species, including predator-prey relationships, 
which play a fundamental role in regulating population dynamics. In ecology, such interactions include 
predation, competition, mutualism, and parasitism (Ghimire and Wang, 2021). Predator-prey dynamics 
are influenced not only by population sizes but also by behavior and responses to environmental 
conditions. One factor that determines the persistence of this interaction is the predator’s dependence 
on prey as a primary food source. In the absence of prey, predator populations will decline and may 
face extinction over a certain period (Sajidah, 2020). 

In nature, predator-prey behavior is also influenced by the fear effect. Prey fear of predators can 
affect feeding patterns, reproductive behavior, and population distribution, which indirectly influence 
population dynamics (Sih et al., 2010). Research shows that fear of wolves (Canis lupus) causes 
ungulate species such as deer (Cervus elaphus) to avoid certain areas to reduce predation risk (Creel 
et al., 2007). This avoidance reduces feeding time, which impacts the physical condition and 
reproductive ability of deer. On the other hand, more alert prey behavior also influences predator 
hunting strategies, demonstrating how fear can affect the overall predator-prey dynamics (Brown et 
al., 1999). The fear effect also has important implications for ecosystem balance. At the population level, 
changes in prey behavior due to fear can reduce energy intake, slow population growth, or even 
increase the risk of mortality due to starvation. Other studies show that the fear effect can alter prey 
distribution patterns and influence their interactions with other species within the ecosystem (Zanette 
et al., 2011). 

Mathematical ecology plays an important role in understanding predator-prey dynamics, with the 
Lotka-Volterra model serving as a fundamental framework for describing population fluctuations 
(Voltera, 1926). A key component of this model is the functional response, which characterizes the 
relationship between predation rate and prey density. In 1953, Holling introduced three functional 
response types—Types I, II, and III— describing the relationship between predation rate and prey 
density (Holling, 1965). Later, Monod and Haldane (1940) developed what is known as the Holling Type 
IV functional response, which more realistically represents predation rates that change due to predator 
saturation as prey density increases (Sokol and Howell, 1980). Previous studies have examined 
predator-prey models using the Monod-Haldane response (Ruan and Xiao, 2001), showing that 
predator consumption depends on prey density and may lead to predator saturation. Several 
mathematical models developed in recent years have investigated the influence of fear on system 
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stability, bifurcation behavior, and population persistence, demonstrating that fear-induced behavioral 
changes can significantly alter predator–prey dynamics (Chatterjee, 2022; Din et al., 2024; Yang et al., 
2025). These studies further emphasize that non-lethal predator effects play a crucial role in shaping 
ecological interactions and ecosystem stability. However, most existing models consider the fear effect 
within monotonic functional response frameworks, such as Holling type II or classical Lotka-Volterra 
models. To the best of our knowledge, limited research has examined predator–prey dynamics by 
integrating the Monod–Haldane functional response with fear-induced behavioural changes in prey. 

Therefore, this study aims to investigate a predator-prey model that combines the Monod-Haldane 
functional response with the fear effect on prey. A modified Lotka-Volterra model framework with 
logistic prey growth is developed to capture predator saturation and prey behavioral responses more 
realistically. The model is analyzed through equilibrium and stability analysis and validated using 
numerical simulations to explore the effects of fear on predator–prey population dynamics. 

 

Methods 

This study adopts a mathematical modeling approach to investigate predator-prey dynamics 
incorporating the Monod–Haldane functional response and the fear effect on prey. The methodology 
consists of a literature review, modeling framework, model variables and parameters, model 
assumptions, analytical methods, and numerical simulations. 

Literature Review 

The process begins with a comprehensive review of previous research on predator–prey 
interaction models, functional response formulations, and the incorporation of fear effects in 
population dynamics. This review provides the theoretical foundation for constructing a biologically 
meaningful model based on real ecological phenomena. 

Modeling Framework 

Based on the literature review, a predator–prey model is developed to represent a two-species 
interaction system. The model incorporates logistic prey growth, the Monod–Haldane functional 
response to represent predator saturation, and a fear effect term to describe behavioral changes in prey 
due to predator presence. The detailed mathematical formulation of the model is presented in the 
Results and Discussion section. 

Model Variables and Parameters 

Let 𝑥(𝑡) and 𝑦(𝑡) denote the prey and predator populations at time 𝑡, respectively. The parameters 
used in the model are defined in Table 1. 

Table 1. Variables and parameters of the predator-prey model 

Symbol Description 

𝑟 Intrinsic growth rate of prey 
𝐾 Carrying capacity of prey 
𝛽 Maximum predation rate 
𝑚 Predator saturation constant 
𝛼 Conversion rate of prey biomass into predator biomass 
𝜇 Natural death rate of predator 
𝑓 Fear coefficient of prey toward predators 

 

Model Assumptions 

The model is constructed under the following general assumptions: 
a) The prey population grows logistically in the absence of predators. 
b) The predator population depends entirely on prey as a food source. 
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c) Predation follows a Monod–Haldane functional response, accounting for predator saturation at high 
prey density. 

d) The fear effect reduces prey growth due to predator presence. 
e) The environment is homogeneous and spatial movement is not considered. 

These assumptions are biologically reasonable and commonly adopted in predator–prey 
modeling. 

Analytical Method 

The formulated model is analyzed to determine its equilibrium points and their stability 
properties. Local stability is examined using Jacobian matrix and eigenvalue analysis. Bifurcation 
analysis is conducted by varying key parameters to explore qualitative changes in system dynamics. 
The analytical results are presented and discussed in the Results and Discussion section. 

Numerical Simulation 

Numerical simulations are performed to verify the analytical results and to illustrate the dynamical 
behavior of the predator–prey system under different levels of fear intensity. Simulations are carried 
out using MATLAB, and phase portraits are generated to visualize predator–prey population dynamics. 
Parameter values are selected based on biological relevance and previous studies. 

 

Results and Discussion 

Previous Research 

The fear effect refers to the reduction in prey growth rate caused by behavioral changes in 
response to the presence of predators (Sasmal and Takeuchi, 2020). Research conducted by Zanette, 
White, Allen, and Michael on song sparrows (Melospiza melodia) during breeding periods showed a 
significant reduction in reproduction not directly caused by predation (Zanette et al., 2011). Fear of 
predators led to a 40% decrease in the number of offspring. This emphasizes that anti-predator 
responses arising from fear affect population dynamics through behavioral and demographic changes. 
Wang, Zanette, and Zou proposed a predator-prey model incorporating the fear effect on prey, with the 
fear effect represented as: 

                                 𝐹 (𝑓, 𝑦) =  
1

1+𝑓𝑦 
 ,                                                                                   (1)                                                                       

The parameter 𝑓 denotes the prey's fear level toward the predator 𝑦.  

Kundu et al. (2018) considered a predator-prey model that combines the fear effect as proposed 
by Wang et al. (2016), while still following the Lotka-Volterra framework. The parameter represents 
the prey population and represents the predator population. This assumption can be represented in 
the following system of differential equations:                                              

   
 
𝑑𝑥
𝑑𝑡 =

𝑟𝑥
1 + 𝑓𝑦 − 𝑑𝑐 − 𝑏𝑥2 − 𝑐𝑥𝑦 ,

𝑑𝑦
𝑑𝑡 = 𝛼𝑥𝑦 − 𝜇𝑦.

                                                     (2) 

Model (2) shows that fear in prey can affect ecological balance not only through direct predation 
but also via behavioral changes that impact prey growth rates. Parameters such as represent 𝑟, 𝑑, 𝑏, 𝑐, 𝛼 
in order: intrinsic prey growth rate, natural prey death rate, death rate due to competition, predation 
rate, conversion efficiency of prey biomass to predator biomass, and natural predator death rate. All 
parameters are assumed to be positive. 
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Predator-Prey Model with Monod-Haldane Fonctionnel Response 

Research by Ruan and Xiao (2021) discusses a predator-prey interaction model with a non-
monotonic (Monod-Haldane) functional response, in which predator consumption rate depends on 
prey population size. The model reflects real-life phenomena such as predator saturation or prey 
avoidance, whereby predation rate does not necessarily increase as prey numbers rise. The model 
developed in that study is as follows:                                      

           
 
𝑑𝑥
𝑑𝑡

= 𝑟𝑥 (1 −
𝑥
𝑘

) −
𝑥𝑦

𝑚 + 𝑥2 ,

𝑑𝑦
𝑑𝑡 =

𝛼𝑥𝑦
𝑚 + 𝑥2 − 𝜇𝑦.

                                                     (3) 

Model (3) assumes all parameters are positive. It exhibits various bifurcation phenomena, 
including saddle-node, Hopf, and homoclinic bifurcations, depending on parameter values. Parameter 
𝑟, 𝑚, 𝑘, 𝛼, 𝜇 in order: intrinsic prey growth rate, predator saturation level, environmental carrying 
capacity, conversion rate of prey to predator, and natural death rate of predators. 

Model Construction 

This study adopts and combines the models developed by Ruan and Xiao with the fear effect model 
by Wang, Zanette, and Zou. The constructed model considers predator-prey interactions influenced by 
predator saturation and behavioral changes in prey due to fear. The predator-prey interaction model 
is built on the assumption that prey population follows logistic growth, as in the modified Lotka-
Volterra model, while predators rely on prey as their primary food source. The predation rate follows 
the Monod-Haldane functional response, which increases with prey population but declines when prey 
becomes too abundant due to predator saturation. 

Based on equations (2) and (3), the following mathematical model incorporating the fear effect 
and the Monod-Haldane response is developed: 

  

𝑑𝑥

𝑑𝑡
=

𝑟𝑥

1 + 𝑓𝑦
(1 −

𝑥

𝑘
) −

𝛽𝑥𝑦

𝑚 + 𝑥2

𝑑𝑦

𝑑𝑡
=

𝛼𝛽𝑥𝑦

𝑚 + 𝑥2
− 𝜇𝑦

                                                                                      (4) 

Based on equation (4), 𝑥(𝑡) and 𝑦(𝑡) represent the population densities of prey and predator, 
respectively, at time 𝑡. The parameter 𝑟 is the prey growth rate, 𝑘 is the environmental carrying 
capacity, 𝑓 denotes the prey's level of fear toward the predator, 𝛽 is the predation rate, 𝑚 represents 
the predator's saturation effect, 𝛼 is the conversion efficiency of prey biomass into predator biomass, 
and 𝜇 is the natural death rate of prey. The analytical solution of model (4) yields equilibrium points 
that can be used to analyze the system’s stability and to further understand the population dynamics 
in the predator-prey interaction. 

Equilibrium Points 

An equilibrium point (𝒙∗, 𝒚∗) is a point that satisfies 
𝒅𝒙∗

𝒅𝒕
= 𝟎 dan 

𝒅𝒚∗

𝒅𝒕
= 𝟎. The equilibrium points of 

equation(𝟒) can be obtained as follows: 

                   𝑥 (𝑟(𝑥2 + 𝑚) −
𝑟𝑥(𝑥2+𝑚)

𝑘
− 𝛽𝑦(1 + 𝑓𝑦)) =                                                                 (5)   

                    𝑦 (
𝛼𝛽𝑥

𝑚+𝑥2 − 𝜇) = 0                                                                                                                 (6)      

Form equations (5) and (6) the following equilibrium points are obtained: 
(i) Equilibrium points 𝐸1 = (0,0) 
(ii) Equilibrium points 𝐸2 = (𝑘, 0) 
(iii) Interior equilibrium points obtained from the following equations(7) and (8)  
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                    𝑟(𝑥2 + 𝑚) −
𝑟𝑥(𝑥2 + 𝑚)

𝑘
− 𝛽𝑦(1 + 𝑓𝑦) = 0,                                                          (7) 

                    
𝛼𝛽𝑥

𝑚 + 𝑥2
− 𝜇 = 0.                                                                                                                (8) 

Thus, solving equations (7) and (8) yields 
𝑥∗ =  𝐴𝑋2 + 𝐵𝑋 + 𝐶,

𝑦∗ =
1

𝐴
(𝛼2𝛽𝑟(𝑥∗) − 𝛼𝑘𝜇𝑟(𝑥∗) − (𝑓𝑘𝑋2 + 𝑘𝜇𝑋 − 𝛼𝑚𝜇𝑟)).

 

where 
𝐴 =  𝜇, 𝐵 = −𝛼𝛽, 𝐶 = 𝛼𝜇 

Based on the determination of these equilibrium points, four equilibrium points are obtained, namely: 
𝐸1 = (0,0), 𝐸2 = (𝑘, 0), 𝐸3 = (𝑥3

∗, 𝑦3
∗). 

1.   The equilibrium point 𝐸1 = (0,0) represents the extinction of both populations, i.e., the prey and the 
predator. 

2.   The equilibrium point 𝐸2 = (𝑘, 0) represents the extinction of the predator population, while the 
prey reaches the environmental carrying capacity  𝑘. 

3.   The interior equilibrium points 𝐸3 = (𝑥3
∗, 𝑦3

∗) and 𝐸4 = (𝑥4
∗, 𝑦4

∗) represent the coexistence of prey 
and predator populations. 
The local stability analysis of these equilibrium points is carried out by determining the 

eigenvalues of the Jacobian matrix around each point in order to identify their stability characteristics. 

Stability Analysis of Equilibrium Points 

The linearization process is applied to the system model (𝟒) by determining the eigenvalues of the 
Jacobian matrix to identify the stability properties of each equilibrium point. The Jacobian matrix 
derived from the system of equations is as follows: 

                       𝐽(𝑥, 𝑦) = [

𝑟(1−
𝑥

𝑘
)

1+𝑓𝑦
−

𝑟𝑥

𝑘(1+𝑓𝑦)
−

𝛽𝑦

𝑥2+𝑚
−

2𝛽𝑥2𝑦

𝑥2+𝑚
−

𝑟(1−
𝑥

𝑘
)𝑓

(1+𝑓𝑦)2 −
𝛽𝑥

𝑥2+𝑚

𝛼𝛽𝑦

𝑥2+𝑚
−

2𝛼𝛽𝑥2𝑦

(𝑥2+𝑚)2

𝛼𝛽𝑥

𝑥2+𝑚
− 𝜇

].  

Stability of the Equilibrium Point 𝑬𝟏 = (𝟎, 𝟎) 

Substituting the equilibrium point 𝑬𝟏 into the Jacobian matrix from equation (𝟒) yields: 

𝐽𝐸1
= [

𝑟 0
0 −𝜇

] 

The eigenvalues are obtained by solving the characteristic equation 𝒅𝒆𝒕(𝑱𝑬𝟏
) − 𝝀𝑰) = 𝟎  

𝑑𝑒𝑡(𝐽𝐸1
) − 𝜆𝐼) = 0 

𝑑𝑒𝑡 ([
𝑟 − 𝜆 0

0 −𝜇 − 𝜆
]) = 0

(𝑟 − 𝜆)(−𝜇 − 𝜆) = 0
𝜆1 = 𝑟 𝑜𝑟 𝜆2 = −𝜇 

Assuming all parameters are positive, we have 𝑟 > 0 so 𝜆1 > 0 and −𝜇 < 0 so 𝜆2 < 0 Therefore, the 
equilibrium point 𝐸1  is unstable and classified as a saddle point.  

Stability of the Equilibrium Point 𝑬𝟐 = (𝒌, 𝟎) 

Substituting the equilibrium point 𝐸2 into the Jacobian matrix from equation (4) yields: 
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𝐽𝐸2
= [

−𝑟 −
𝛽𝑘

𝑘2 + 𝑚

0
2𝛽𝑘

𝑘2 + 𝑚
− 𝜇

] 

Next, the eigenvalues are determined by solving the characteristic equation 𝒅𝒆𝒕(𝑱𝑬𝟐
) − 𝝀𝑰) = 𝟎 : 

𝑑𝑒𝑡(𝐽𝐸2
) − 𝜆𝐼) = 0 

𝑑𝑒𝑡 ([
−𝑟 − 𝜆 −

𝛽𝑘

𝑘2 + 𝑚

0 (
𝛼𝛽𝑘

𝑘2 + 𝑚
− 𝜇) − 𝜆

]) = 0

(𝑟 − 𝜆) ((
𝛼𝛽𝑘

𝑘2 + 𝑚
− 𝜇) − 𝜆) = 0

𝜆1 = −𝑟 𝑜𝑟 𝜆2 =
𝛼𝛽𝑘

𝑘2 + 𝑚
− 𝜇 

Assuming all parameters are positive, we obtain −𝑟 < 0 so 𝜆1 < 0. If 𝜆2 < 0 then the equilibrium point 

𝐸2 is asymptotically stable and classified as a node, under the condition
𝛼𝛽𝑘

𝑘2+𝑚
− 𝜇 < 0 Conversely, the 

point becomes unstable if 
𝛼𝛽𝑘

𝑘2+𝑚
− 𝜇 > 0. 

Stability of the Equilibrium Point 𝑬𝟑 = (𝒙∗, 𝒚∗) 

The linearization of system(4) around the equilibrium point (𝑥∗, 𝑦∗) yields the Jacobian matrix: 

𝐽𝐸3
= [

𝑎11 𝑎12

𝑎21 𝑎22
]. 

where : 

𝑎11 =
𝑟(1−

𝑥∗

𝑘
)

1+𝑓𝑦∗ −
𝑟𝑥∗

𝑘(1+𝑓𝑦∗)
−

𝛽𝑦

𝑥∗2+𝑚
−

2𝛽𝑥∗2
𝑦∗

𝑥∗2+𝑚
   

𝑎12 = −
𝑟(1−

𝑥∗

𝑘
)𝑓

(1+𝑓𝑦∗)2 −
𝛽𝑥∗

𝑥∗2+𝑚
  

𝑎21 =
𝛼𝛽𝑦∗

𝑥∗2+𝑚
−

2𝛼𝛽𝑦∗

(𝑥∗2+𝑚)
2  

𝑎22 =
𝛼𝛽𝑥∗

𝑥∗2+𝑚
− 𝜇  

The eigenvalues of the system are obtained by solving the characteristic equation 𝑑𝑒𝑡(𝐽𝐸3
) − 𝜆𝐼) = 0  

𝑑𝑒𝑡(𝐽𝐸3
) − 𝜆𝐼) = 0 

𝑑𝑒𝑡 ([
𝑎11 − 𝜆 𝑎12

𝑎21 𝑎22 − 𝜆
]) = 0

(𝑎11 − 𝜆)(𝑎22 − 𝜆) − (𝑎12𝑎21) = 0
𝜆2 − (𝑎11 + 𝑎22)𝜆 + (𝑎11𝑎22 − 𝑎12𝑎21) = 0 

The eigenvalues are thus: 

𝜆1 =
(𝑎11−𝑎22)+√(𝑎11−𝑎22)2−4(𝑎12−𝑎21)−𝑎11𝑎22)

2

𝜆2 =
(𝑎11−𝑎22)−√(𝑎11−𝑎22)2−4(𝑎12−𝑎21)−𝑎11𝑎22)

2

Assuming all parameters are positive, the stability of 𝐸3 satisfies the following conditions: 
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Table 2. Stability Conditions for 𝐸3 = (𝑥∗, 𝑦∗) 
Condition Stability Type 

𝑎11 − 𝑎22 >  √(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22), 
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) > 0 Unstable node 

𝑎11 − 𝑎22 <  √(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22),  
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) > 0 

Saddle point or stable 
node 

𝑎11 − 𝑎22 = 0,
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) > 0 Saddle point 

𝑎11 − 𝑎22 = 0,
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) < 0 Center 

𝑎11 − 𝑎22 > 0
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) < 0 Unstable spiral 

𝑎11 − 𝑎22 < 0
(−𝑎11 + 𝑎22)2 − 4(𝑎12 − 𝑎21) − 𝑎11𝑎22) < 0 Stable spiral 

Numerical Simulation 

Numerical simulations are used to ensure consistency between the analytical and numerical 
results regarding the stability of the equilibrium points and to visualize the system’s dynamics. The 
parameters used in the simulation are obtained from [9] and [12], along with several values determined 
based on assumptions. Variations in one of the parameters may affect the stability of the equilibrium 
points, which is visualized through phase portraits using Pplane. The parameter values used in the 
simulation are presented in Table 3 below. 

Table 3. Notation of Variables and Parameter Values 

Notation Value Description 

𝑟 8.6 Ruan dan Xiao 

𝐾 5.6 Ruan dan Xiao 

𝑓 

0 Wang, Zanette, dan Zou 

0.6 Assumption 

0.9 Assumption 

𝛽 1.9 Ruan dan Xiao 

𝑚 2.3 Wang, Zanette, dan Zou 

𝛼 1.5 Assumption 

𝜇 0.02 Ruan dan Xiao 

The author conducted simulations by modifying the value of the fear effect parameter, as done in 
previous studies. The purpose of this simulation is to analyze the changes in the stability of each system 
solution as this parameter varies. 

The numerical simulation results are based on the parameter values presented in Table 3, with 
the fear parameter set to 𝑓 = 0. 
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Figure 1. Phase Portrait with 𝑓 = 0 

Figure 1 indicates that there is no fear effect on the prey due to the presence of predators. The graph 
shows direction vectors that represent the dynamic changes in population, along with a red curve that 
illustrates the system’s solution trajectory. At the equilibrium point𝐸3 the system exhibits a stable 
spiral, meaning the prey and predator populations tend to converge toward the equilibrium point 𝑬𝟑  
in the long term. Since 𝑓 = 0, the prey does not experience a reduction in growth due to fear, so the 
population dynamics depend solely on direct predator-prey interactions. This results in an oscillatory 
or spiral pattern toward an equilibrium where both populations can coexist. Based on the parameter 
values in Table 3 for 𝑓 = 0 the existing equilibrium points are fully presented in Table 4 below. 

Table 4. Eigenvalues and Stability at 𝑓 = 0 

Equilibrium Point Eigenvalues Stability Type 

𝐸1 = (0,0) 
𝜆1 = −0.02
𝜆2 = 8.60 

Unstable Saddle 

𝐸2 = (5.5999,0) 
𝜆1 = −8.60 
𝜆2 = 0.454 

Unstable Saddle 

𝐸3 = (0.0161,10.381) 
𝜆1 = −0.01142 +  0.41392𝑖
𝜆2 = −0.01142 −  0.41392𝑖 

Stable Spiral 

The numerical simulation results are based on the parameter values in Table 3 with the fear 
parameter set to 𝑓 = 0.6 

     

Figure 2. Phase Portrait with 𝑓 = 0.6 
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In Figure 2, when the parameter value is 𝑓 = 0.6 , the fear effect begins to influence the system. 
As a result, the predator population decreases to 3.41 at the equilibrium point 𝐸3 which is significantly 
lower than when 𝑓 = 0. In addition, the oscillations that previously occurred begin to diminish, and the 
system reaches equilibrium more quickly. This indicates that the greater the fear effect, the lower the 
predator population, and the system tends to become more stable without excessive fluctuations. This 
suggests that the fear effect helps the prey survive better by reducing direct interactions with 
predators. The prey becomes more difficult to catch, leading to a decline in the predator population due 
to decreased food availability. Based on the assumptions for 𝑓 = 0.6 the existing equilibrium points are 
fully presented in Table 5 below. 

Table 5. Eigenvalues and Stability at 𝑓 = 0.6 

Equilibrium Point Eigenvalues Stability Type 

𝐸1 = (0,0) 
𝜆1 = −0.02
𝜆2 = 8.60 

Unstable Saddle 

𝐸2 = (5.5999,0) 
𝜆1 = −8.60 
𝜆2 = 0.454 

Unstable Saddle 

𝐸3 = (0.0161,3.4089) 
𝜆1 = −0.00375 +  0.30676𝑖
𝜆2 = −0.00375 −  0.30676𝑖 

Stable Spiral 

The numerical simulation results are based on the parameter values presented in Table 3, with the 
fear parameter set to 𝑓 = 0.9 

Figure 3. Phase Portrait with 𝑓 = 0.9 

The fear effect significantly influences the system. As a result, the predator population decreases 
drastically to around 2.89 at the interior equilibrium point 𝐸3, which is much lower than when 𝑓 = 0.6. 
Moreover, the population oscillations that previously occurred begin to disappear, and the system 
tends to reach equilibrium more quickly. This indicates that the greater the fear effect, the lower the 
predator population becomes, and the system becomes more stable without excessive fluctuations. In 
other words, the fear effect helps the prey population survive more effectively by reducing the intensity 
of direct interactions with predators. As prey become harder to catch, predator populations decline due 
to the reduced availability of food. Based on the assumptions for 𝑓 = 0.9, the equilibrium points and 
their stability properties are shown in Table 6. 
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Table 6. Eigenvalues and Stability at 𝑓 = 0.9 

Equilibrium Point Eigenvalues Stability Type 

𝐸1 = (0,0) 
𝜆1 = −0.02
𝜆2 = 8.60 

Unstable Saddle 

𝐸2 = (5.5999,0) 
𝜆1 = −8.60 
𝜆2 = 0.454 

Unstable Saddle 

𝐸3 = (0.0161,2.8859) 
𝜆1 = −0.00317 +  0.28647𝑖
𝜆2 = −0.00317 −  0.28647𝑖 

Stable Spiral 

The simulations show that increasing the fear parameter  𝑓 significantly affects the system 
dynamics. At 𝑓 = 0, he system exhibits a stable spiral at point 𝐸3, indicating population oscillations 
before reaching equilibrium. When  𝑓 = 0.6 the fear effect becomes noticeable, with the stability 
shifting toward a stable node and the predator population decreasing. At 𝑓 = 0.9, the system becomes 
more stable and reaches equilibrium faster, with an even lower predator population. The larger the 
value of  𝑓 the more the predator population tends to decrease, and the system becomes more stable 
without oscillations. 

Based on the stability analysis, it is known that the stability of the equilibrium point 𝑬𝟐 a depends 

on the value of the parameter 
𝛼𝛽𝑘

𝑘2+𝑚
− 𝜇 < 0 . Therefore, an experiment is conducted by selecting the 

value 𝛽 = 0.05 which meets this stability condition, to observe the possibility of the equilibrium point 
𝐸2 becoming stable under a high fear condition, namely 𝑓 = 0.9. 

Figure 4. Phase Portrait with𝛽 = 0.05  

The simulation results show that the system’s solution trajectory moves toward the equilibrium 
point 𝐸2 = (5.6 , 0) indicating the dynamics that occur when the fear effect is high and the predation 
rate is very low. Under this condition, the wolf population is unable to maintain its existence due to 
limited access to prey and consequently goes extinct. On the other hand, the deer population does not 
experience significant predation pressure and continues to grow until it reaches the environmental 
carrying capacity. The high fear level 𝑓 = 0.9 and low predation rate 𝛽 = 0.05 cause the system to move 
toward a state where only the deer population survives. Meanwhile, the interior equilibrium point 𝐸3 =
(0.77 , 21.2) becomes unstable under this condition, as indicated by the trajectory directions around 
the point moving away from it rather than converging toward it.  

Numerical continuation with respect to the parameter 𝛽 is carried out under the condition of high 
fear 𝑓 = 0.9  to analyze how changes in the predation rate affect the stability of the system. Starting 
from 𝛽 = 0.05, the point 𝐸2 = (𝑘 , 0) is asymptotically stable, indicating that the deer population 
survives while the wolf population goes extinct. The point 𝐸3, although existing, is a stable spiral. As β
increases, a Hopf bifurcation occurs at 𝐸3, as shown in Figure 5. 



p-ISSN 2085-9872 J.Sains Dasar 
e-ISSN 2443-1273 

Wulandari and Savitri                                                                                                                                                   107 

     Figure 5. Bifurcation Diagram 

Numerical continuation using parameter β reveals the occurrence of a Hopf bifurcation at 𝛽 =
0.055594 and the emergence of a Limit Point indicating a Saddle-Node bifurcation at 𝛽 =
0.040442 both at the equilibrium point 𝐸3. The Hopf bifurcation occurs at 𝛽 =
0.055594 where the previously unstable equilibrium point 𝐸3 becomes stable after crossing the 
bifurcation threshold. This marks a transition from stability to the emergence of a limit cycle, which 
represents periodic population fluctuations. At 𝛽 = 0.040442, a Saddle-Node bifurcation occurs, in 
which two equilibrium points disappear, leaving only 𝐸1 and 𝐸2. These results indicate that 𝛽
significantly influences the system’s long-term dynamics—especially when combined with the fear 
effect. The higher the value of 𝛽, the more dominant the predator population tends to become, while a 
high level of fear suppresses the prey population, resulting in either a new stable state or oscillations, 
depending on the parameter values. 

Biological Interpretation  

The results show that the predator–prey system admits three equilibrium points: extinction, prey-
only, and coexistence. The coexistence equilibrium represents long-term survival of both populations 
and exhibits oscillatory dynamics when the fear level is low. As the fear parameter increases, predator 
population density decreases and population oscillations become weaker, indicating that fear reduces 
predation success and suppresses predator growth. When the fear level is high and the predation rate 
is low, the prey-only equilibrium becomes stable, leading to predator extinction. These results 
demonstrate that fear-induced behavioral changes play a significant role in shaping predator–prey 
population dynamics and ecosystem stability. 

Conclusion  

The dynamic analysis reveals the existence of three equilibrium points 𝐸1 = (0,0) represents the 
extinction of both prey and predator populations, which corresponds to a collapse of the ecosystem 
where neither species can survive. The equilibrium point 𝐸2 = (𝑘, 0) describes a situation in which the 
prey population survives at the environmental carrying capacity while the predator population 
becomes extinct, representing a predator-free ecosystem. The interior equilibrium point 𝐸3 indicates a 
coexistence state where both populations can persist without extinction. Based on the stability analysis 
around these equilibrium points, it is found that the point 𝐸1 = (0,0) is unstable of saddle type, while 

𝐸2 = (𝑘, 0) is asymptotically stable of node type if the condition 
𝛼𝛽𝑘

𝑘2+𝑚
− 𝜇 < 0  and 𝐸3  is a stable 

coexistence point characterized by a spiral trajectory converging to it, provided certain stability 
conditions are met.  

The numerical simulation results show that the prey's fear parameter significantly affects the 
system’s solution behavior. When there is no fear effect 𝑓 = 0, the prey population tends to go extinct, 
while the predator population persists. As the fear effect increases to 𝑓 = 0.6 and 𝑓 = 0.9, the prey 
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population declines more rapidly, and the predator population also decreases due to limited food 
availability. 𝛽 = 1.9, the equilibrium point 𝐸3  which represents the coexistence between deer and 
wolves, remains a stable spiral for all values of  𝑓, indicating that both populations can survive even as 
fear increases. However, when 𝛽 is decreased to 0.05 under high fear conditions 𝑓 = 0.9, the 
equilibrium point 𝐸2 becomes asymptotically stable 𝐸3, becomes unstable. The simulations also reveal 
the occurrence of bifurcations when the parameter 𝛽 is varied. Both Hopf and Saddle-Node bifurcations 
emerge under the condition  𝑓 = 0.9, indicating that small changes in the predation rate can lead to 
major shifts in ecosystem dynamics. The numerical continuation results show that the Saddle-Node 
bifurcation occurs at 𝛽 = 0.040442 at point 𝐸3 and the Hopf bifurcation occurs at 𝛽 = 0.055594. 
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