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ABSTRACT

Semiotics are signs that include codes, symbols, words, icons, objects, or
gestures. This descriptive-qualitative study aimed to describe the semiotics of
mathematics problem-solving in Mason’s generalization. Generalization is a
finding pattern process in which students will use the different strategies with
some semiotics. The subjects were three of 30 eleventh graders from a senior
high school in Gresik Regency, Indonesia, that were selected using the pur-
posive sampling technique. Data was collected through documentation, written
test, and interview. Data was analyzed by reducing data, presenting data, and
concluding. The results of this study showed that students could present the
semiotics of gesture, word, and symbols in the process of Mason’s generali-

zation, even though in several stages or indicators the students could not present
semiotics. The absence of semiotics in several stages or indicators was not
because students could not do such things, but because students passed or
skipped these stages. In the perception of generality stage, the semiotics of
gesture, word, and symbols could emerge simultaneously. However, for expres-
sion of generality, symbolic expression of generality, and manipulation of gene-
rality stage, students did not present the three semiotics’ components simul-
taneously.
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INTRODUCTION

Semiotics represent signs which could include codes, symbols, words, icons, objects, or gestures.
These signs can be detected by the five human senses, have implicit meanings, and play an important
role in the communication process (Sardila, 2016, p. 89). Suryaningrum (2018, p. 9) argues that the
meaning of these signs can emerge when someone is involved in communication activities. Therefore,
semiotics is the most important aspect of communication, especially in mathematics. Some researchers
divide semiotics into several types or components, one of which is Inganah and Subanji (2013, p. 433)
who divide semiotics into three components, namely gesture, word, and symbols.

A gesture is the most important part of communication because, with the gesture, mathematical
ideas can be communicated (Alibali & Nathan, 2012, p. 248; Dwijayanti et al., 2019, p. 134). Faradiba
etal. (2016, p. 881) stated that various kinds of gestures (hand movements and facial expressions) helped
students communicate verbally. Gestures can be in the form of gestures either from the fingers, hands,
arms, or other body parts that accompany spoken communication to emphasize and reduce the ambiguity
of the information conveyed (Damayanti, 2018; Ibraheem & Khan, 2012). In this study, the type of
gesture observed was the one developed by Alibali and Nathan (2012) and Ruhama et al. (2018) which
includes (1) pointing gesture, that is the motion of pointing to an object, subject, or place with fingers,
writing tools, or other pointing tools; (2) representational gesture, that is a motion that represents objects,
concepts, relations with the intention that can be understood by other people; and (3) writing gesture,
that is a writing motion that occurs simultaneously with speech. The three types of gestures were chosen
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because, in the study process, the three gestures are easy to observe and suitable for analyzing the student
generalization process.

Word represents statements in the form of words or sentences, not signs or symbols, either orally
or in writing, during the generalization process. For example, students state the difference in the pattern
between the circle pictures with the phrase “increase by two circles in each pattern”, “in each pattern, it
tripled” or write the sentence “thus, the number of circles in the fourth pattern is 20”, and so on. The
word that the student expresses or writes accompanies the gesture so that the word and the gesture in
the generalization process correspond well (Inganah & Subanji, 2013, pp. 434-435).

Symbols in pattern generalization are formed by students through the internalization process.
Students make symbols through their observations of existing patterns and then identify the similarities
or differences of the patterns. Symbols formed by students in generalizing patterns are very useful,
especially for variable recognition (Inganah & Subanji, 2013, p. 433). In addition, the existence of
symbols formed by students indicates the efforts made by students to understand what they are learning
or solving (Oers, 2010, p. 31). Symbols are signs based on conventions, rules, or agreements that have
been mutually agreed upon (Sumbo, 2009, p. 19). This means that the symbol will be understood if
students already understand the meaning of the symbol that has been agreed upon previously. The
semiotics in the form of symbols referred to in this study are mathematical signs, notations, or symbols
formed by students during the generalization process.

Semiotics has its own relationship with mathematics because mathematics is knowledge related
to an activity-based sign (Fadiana et al., 2018, p. 99). This implies that in mathematics learning, there is
a certain semiotic. Tarasenkova and Kovalenka (2015, p. 32) assert the existence of semiotics that
accompany the process of understanding abstract mathematical contexts. One of the mathematical
processes that can lead to certain semiotics is the generalization process. This happens because in the
generalization process students use different strategies and are accompanied by semiotics (signs)
(Fadiana et al., 2018, p. 99).

Generalization means obtaining something general in nature, a means of thinking and communi-
cating, and concluding (Anggoro, 2016, p. 13; Lesmana et al., 2018, p. 864; Sadieda et al., 2018, p. 132).
Generalization is the process of finding a general or broader pattern (Sadieda et al., 2018, p. 132). Mason
et al. (2010) state that generalization is the process of looking for patterns and the general connection
and making connections in the various levels of mathematical thinking. Mason (1996) divides genera-
lizations into four stages, namely (1) perception of generality; (2) expression of generality; (3) symbolic
expression of generality; and (4) manipulation of generality.

The perception of the generality stage is characterized by students recognizing a pattern, iden-
tifying the pattern, and recognizing that the problem can be solved using a pattern. The expression of
generality stage is characterized by students being able to describe the pattern well and use it to deter-
mine the next term. The symbolic expression of the generality stage is characterized by students produ-
cing general patterns and being able to symbolically formulate generality. Lastly, the manipulation of
the generality stage is characterized by students using general patterns to solve problems (Ramdhani,
2018, p. 84).

The importance of generalization in mathematics learning is evidenced by the existence of basic
competencies in the Curriculum 2013, the national curriculum of Indonesia, which indicates that gene-
ralizing patterns should be achieved by junior and senior high school students (Ministry of Education
and Culture, 2016). Likewise with the National Council of Teachers of Mathematics (NCTM) recom-
mends ideas related to algebraic reasoning through generalizing patterns in primary and secondary
schools (NCTM, 2020). Nonetheless, previous studies have shown that in solving number pattern pro-
blems, students often experience obstacles or difficulties including the inability of students to understand
the n-th term (U,,) formula of arithmetic and geometric sequences, difficulties in converting number
pattern problems into mathematical models, and difficulties to discovering the general pattern of a
sequence of abstract object configurations (Handayani et al., 2015; Marion et al., 2015; Octriana et al.,
2019; Sari et al., 2016).

Several studies and reviews related to pattern generalization show that students use different
strategies, stages, or processes in solving pattern generalization problems. The study conducted by
Setiawan et al. (2020, pp. 91-92) demonstrates that students use recursive strategy (changing a pictorial
pattern into a number pattern, finding a common difference contained in the pattern, using the common
difference and the first term to determine the second term, using the common difference and the second
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term to determine the third term and so on until students obtain a general pattern) and differentiation
strategy (changing a pictorial pattern into a number pattern, finding a common difference in the pattern,
interpreting the common difference as a jump of numbers, and analyzing the connection between the
first term and the common difference so that students obtain the general pattern they are looking for) in
generalizing the pattern. Inganah and Subanji (2013) and Radford (2007) found that students use three
strategies to generalize patterns, namely algebraic generalization, arithmetic generalization, and trial and
error. Of the three strategies, only algebraic generalizations were identified as the emergence of
semiotics, because in the process there are three stages, namely factual, conceptual, and symbolic. While
the results of the study conducted by Fadiana et al. (2018) reveal that in generalizing a pattern, students
go through four stages, namely discovering a regularity, confirming the regularity, generating a general
formula, and proving the truth of the general formula accompanied by semiotics in the form gestures,
words, and symbols. The study of Fadiana et al. (2018), however, focused on the generalization process
rather than describing in detail how and what semiotics are generated in the generalization process.

Based on the description of what has been done and found by several previous studies, Setiawan
et al. (2020), Inganah and Subanji (2013), Radford (2007), Fadiana et al. (2018) employed strategies,
stages, or processes of generalization that are different from one another. In this study, we prefer to use
the strategies or stages of Mason’s generalization which are broadly more complex because they include
the strategies and stages used by Setiawan et al. (2020), Inganah and Subanji (2013), Radford (2007),
and Fadiana et al. (2018). In addition, the novelty of this study lies in its focus, namely semiotics, where
when we viewed from the studies of Inganah and Subanji (2013) and Radford (2007), they only identify
the existence of semiotics in one generalization strategy. As for this study, we analyzed the semiotics as
a whole at each stage of Mason’s generalization. This is expected to be able to provide new knowledge
for teachers in preparing learning designs or models by considering the students’ semiotics that emerges
in Mason’s generalizations. The more critical the teacher’s knowledge regarding the student’s semiotics
of mathematics problem-solving in Mason’s generalization, the more creative the teacher will be in
preparing learning designs that can make students more diligent, active, and productive in learning
mathematics. Accordingly, this study aimed at describing the semiotics (gesture, word, and symbols) of
mathematics problem-solving in Mason’s generalization. The results of this study are expected to be an
additional reference for the teachers and researchers in developing semiotics and generalizations that
students have through mathematics learning.

METHOD

This descriptive study with a qualitative approach aimed to describe the semiotics of mathematics
problem-solving in Mason’s generalization. This study involved students of class XI IPA 1 (eleventh
graders of science program) at SMA Assa’adah Gresik, East Java Province, Indonesia, in the second
semester of the 2019/2020 academic year. The purposive sampling technique was used in the selection
of three students from 30 students as the subject of this study. The selection of the three students was
based on two considerations that we have set, namely, students have high mathematical abilities based
on the results of the assessment on basic competencies related to number pattern and have good com-
munication skills based on the opinions of the mathematics teacher and form teacher who know the
students better. With these criteria, the selected students were expected to be able to pass Mason’s
generalization stages, so that we can discover and describe the semiotics that appears at each stage. The
three students were then assigned distinctive codes, hamely subject A, subject B, and subject C, for
assuring the confidentiality and privacy of the subject.

We collected data on semiotics in mathematics problem-solving through video documentation,
written test, and interview. Video documentation was carried out to obtain gesture data that emerged in
Mason’s generalization during the study. The written test employed a constructed-response question
with the topic of number pattern that is selected and adapted from the question made by Barbosa et al.
(2007) as presented in Figure 1. We used this type of question to obtain semiotic data in the form of
words and gestures that appear in Mason’s generalization. The written test was carried out at the same
time in one place, but among the three subjects were spaced so that they were more focused and did not
interfere with each other. Each student was accompanied by one person as a research assistant to
document student behavior during the written test. Before accompanying each student, we first provided
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direction to the three research assistants so that they do not make the wrong documentation. The duration
of the written test was 60 minutes.

The following sequence of pictures made by black circles.
The number of black circles in the first term is five. The
first three terms of the sequence are presented as follows.

a. How many black circles are in the fourth term?

b. How many black circles are in the 99th term?
Explain how you derive a rule for determining the
number of black circles in the 99th term!

Figure 1. Constructed response question that was employed in the test

In this study, we conducted a semi-structured interview which was conducted after the imple-
mentation of the written test. The interview for the three students was carried out in turns in a different
place from the written test so that when one student conducted an interview, the other students did not
hear the ongoing interview process. This interview was conducted by the researcher himself. The
questions posed in the interview were structured and made by adjusting the possible semiotic com-
ponents made by students in Mason’s generalization. Examples of questions used in interviews such as:
(1) “What strategy did you use in solving the problems?”; (2) “Please explain the pattern you found in
the question!”; dan (3) “Please explain how you could generalize the pattern (U,)!”.

The written test research instrument and interview guidelines have been validated by three experts
in the field of algebra and mathematics learning with feedback related to changes in interview sentences
to make it more efficient and strive for one indicator for one solution to make it easier to describe the
subject’s answer. The conclusion obtained from the validation results was that the instrument was
suitable for use with revision for improvement. The possibility of students’ semiotic components in
Mason’s generalization used in this study is presented in Table 1 to Table 4.

Table 1. Possible semiotics components in the perception of generality

Semiotics

Code Description
component
T1.1 Gesture There is a pointing gesture, representational gesture, or writing
gesture when writing down what is known and asked in the problem
Word There is a word or sentence (spoken or written communication) when
understanding what is known and asked in the problem
Symbols There is a written mathematical sign, notation, or symbol when
writing whatever is known and asked in the problem
T1.2 Gesture There is a pointing gesture, representational gesture, or writing
gesture when identifying patterns on the problem
Word There is a word or sentence (spoken or written communication) when
expressing that a problem can be solved with a pattern recognition
Symbols There is a written mathematical sign, notation, or symbol when

identifying pattern on the problem
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Table 2. Possible semiotics components in the expression of generality

Semiotics

Code Description
component
T2.1 Gesture There is a pointing gesture, representational gesture, or writing
gesture when describing a pattern
Word There is a word or sentence (spoken or written communication) when
describing a pattern
Symbols There is a written mathematical sign, notation, or symbol when
describing a pattern
T2.2 Gesture There is a pointing gesture, representational gesture, or writing
gesture when determining the next term (of a sequence)
Word There is a word or sentence spoken or written communication) when
determining the next term (of a sequence)
Symbols There is a written mathematical sign, notation, or symbol when

determining the next term (of a sequence)

Table 3. Possible semiotics components in the symbolic expression of generality

Code Semiotics Description
component
T3.1 Gesture There is a pointing gesture, representational gesture, or writing

gesture in the process of finding a general pattern by symbolically
formulating the process

Word There is a word or sentence (spoken or written communication) in
the process of finding a general pattern by symbolically formulating
the process

Symbols There is a written mathematical sign, notation, or symbol in the
process of finding a general pattern by symbolically formulating the
process

T3.2 Gesture There is a pointing gesture, representational gesture, or writing

gesture when finding a general pattern (U,) and formulating it
symbolically

Word There is a word or sentence (spoken or written communication) when
finding a general pattern (Un) and formulating it symbolically

Symbols There is a written mathematical sign, notation, or symbol when
finding a general pattern (Un) and formulating it symbolically

We analyzed the data collected in stages consisting of data reduction, data presentation, and
concluding (Moleong, 2013). We analyzed the data from the written test results by correcting the results
of the written test using the answer key, classifying the results of the written test with Mason’s gene-
ralization indicator, describing and analyzing the results of the written test by data triangulation, and
drawing conclusions based on Table 1 to Table 4. As for the interview data, we analyzed it by replaying
the recorded interview results, making the interview transcripts obtained, and reducing the results of the
interview transcripts by giving codes as shown in Table 5. Finally, we analyzed the documentation data
by playing back the documentation video recordings; taking a certain part of the video where the student
shows the pointing gesture, representational gesture, and writing gesture; and transcribing part of the
video by assigning codes as shown in Table 5. We double-checked to ensure the consistency of the
results of the transcript coding obtained, then we describe and analyze interview and documentation data
by employing data triangulation and draw conclusions based on Table 1 to Table 4.

In data analysis, data triangulation was carried out to compare whether each data originating from
written tests, interviews, and documentation was consistent. If the data from the three sources have the
same, then the data is valid. If it is found that there is a mismatch of data from these sources, then we
re-interviewed students to find consistent answers, so that the research objectives can be achieved.
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Table 4. Possible semiotics components in the manipulation of generality

Semiotics

Code Description
component
T4.1 Gesture There is a pointing gesture, representational gesture, or writing
gesture when reconsidering and re-examining the solution
Word There is a word or sentence (spoken or written communication) when
reconsidering and re-examining the solution
Symbols There is a written mathematical sign, notation, or symbol when
reconsidering and re-examining the solution
T4.2 Gesture There is a pointing gesture, representational gesture, or writing
gesture when using general pattern (U,) for problem-solving
Word There is a word or sentence (spoken or written communication) when
using general pattern (U,) for problem-solving
Symbols There is a written mathematical sign, notation, or symbol when using
general pattern (U,) for problem-solving
T4.3 Gesture There is a pointing gesture, representational gesture, or writing
gesture when concluding the solution to the problem
Word There is a word or sentence (spoken or written communication) when
concluding the solution to the problem
Symbols There is a written mathematical sign, notation, or symbol when

concluding the solution to the problem

Table 5. Coding for interview and documentation data

Source of data  Coding Description
Video [Figure] a : The order of figure
documentation  Figure a. b Subject XinTd.e b : Type of gesture that appears
X The subject of study, X =A, B, C
T Mason’s generalization stage
d The d-th stage of Mason’s generalization,

d=1,2234

e The e-th indicator of each stage of
Mason’s generalization, e =1, 2, 3
Interview P . Researcher
X X . Subjectof study, X=A,B, C
RESULTS AND DISCUSSION
Results

This section presents the answers of each student on the written test and interview which are
supported by the results of the video documentation. The following is a description of the study results
on subject A. Based on Figure 2, subject A first wrote what is known in the problem by writing the
numbers 5, 10, 17 as the number of black circles in the first, second, and third terms respectively. After
that, subject A determined the constant difference between consecutive terms of the sequence. After
subject A obtained an inconstant difference, subject A redrew the black circles for the first to third terms
by paying attention to the existing pattern, then he drew and counted the number of black circles in the
fourth term. Furthermore, subject A drew an arrangement of black circles in the 99th term to determine
the number of black circles in that term. He obtained a result that the number of black circles in the 99th
term is 10,001.
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Figure 2. The answer to subject A

Transcript 1 (Transcript of interview with subject A)

P
A

: What is known and asked in the problem?
. It is known the arrangement of the black circles as many as 5, 10, and 17. We are asked to

determine the number of black circles in the fourth term and 99th term and a pattern for
determining the number of circles in the 99th term. (T1.1)

. What strategies did you use to solve the problem?
. Because these circles form a pattern, | looked for the difference in the number of circles first,

and it turned out that the difference was not constant. As a consequence, | determined the
number of circles in the fourth term manually. But for the 99th term, | determined it by
predicting the existing pattern. (T1.2)

. Please describe the pattern you predicted!
. | divided the arrangement of the circles in each term into three parts (upper horizontal row,

lower horizontal row, and middle part). In the upper horizontal row part, the first term has
two circles, the second term has three circles, and the third term has four circles. It can be
interpreted that the number of circles always increases by one circle for the top horizontal row
part. This also applies to the lower horizontal row part. As for the middle part, the first term
has one circle, the second term has four circles, and the third term has nine circles. It can be
interpreted as a quadratic sequence, which is 1, 4, 9 or 12, 22, 3%, (T2.1)

. For the number of circles in this fourth term, are you sure about the results you have obtained?

If so, please explain your reasons!

. Yes, | am sure, because to find out the number of circles in the fourth term, | counted them

from the picture | have made. In addition, to draw the circles in this fourth term, | observed
the pattern of the arrangement of the circles in the first to the third term. (T2.2)

. Please explain how you would generalize the pattern in the sequence (Uy)!
. | divided the arrangement of the circles in each term into three parts as | have mentioned

earlier. In the upper horizontal line, the first term has two circles, the second term has three
circles, and the third term has four circles. The number of circles in each term for that part
always increased by one circle. This means that for the upper horizontal row part, there are n
+ 1 circles in the n-th term. Likewise with the lower horizontal row part has the same pattern
as the upper horizontal row part. In the middle part, the first term has a circle, the second term
has four circles, and the third term has nine circles. This forms a quadratic sequence.
Consequently, for the middle part, there are n? circles in the n-th term. Thus, the number of
circles in the n-th term is the sum of n + 1 (the number of circles in the upper horizontal row
part), n + 1 (the number of circles in the lower horizontal row part), and n? (the number of
circles in the middle part). (T3.1)

. S0, what is the general pattern that can be used to determine the number of circles in the n-th

term?

n+1+n+1+n?(T3.2)
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: How many circles are in the 99th term?
. There are 10,001 circles (T4.2)
. Are you sure of all the answers you get? If so, please explain your reasons!
. Yes, | am sure, because what | found and calculated is correct
Then, have you double-checked your work?
. No, I have not double-checked my work (T4.1)
. Please state the conclusion of your work!
. There are 26 black circles in the fourth term and 10,001 black circles in the 99th term (T4.3)

Based on Transcript 1, subject A presented semiotics in the form of a word (spoken communi-
cation) in almost all mathematical generalization indicators, except for the indicator T4.1 because
subject A did not double-check his work so that no word was stated by subject A. When subject A solved
the problem in the written test, there were a gesture and symbols that he showed at the perception of
generality stage (T1.1 and T1.2). The presence of gesture and symbols which correspond to the indicator
T1.1 can be seen in Figure 3 and Figure 4, while the gesture and symbols which correspond to the
indicator T1.2 can be seen in Figure 5 and Figure 6.

>TVT>»UVU>»TUVT>T

Figure 4. Symbols and representational gesture of
subject Ain T1.1

Figure 5. Symbols and representational gesture of Figure 6. Symbols and writing gesture of subject A
subject Ain T1.2 inT1.2

Figure 3 and Figure 4 show that there are pointing and representational gestures performed by
subject A when calculating and writing numeric symbols, namely “5, 10, 17” which respectively re-
present the number of circles in the first three terms of the sequence. Meanwhile, Figure 5 shows the
presence of a representational gesture in representing the difference in the number of circles in the first
and second terms and the second and third terms with a symbol. Furthermore, Figure 6 shows that there
is a writing gesture in writing symbols in the form of the numbers, namely “5, 7” (the difference between
the number of circles in the first and second terms and between the number of circles in the second and
third terms) accompanied by the word (spoken communication), namely “five” and “seven”.

Based on Figure 2, there is a gesture that appears at the expression of generality stage (T2.1 and
T2.2), while symbols only appear in T2.2 because in T2.1 subject A did not answer it in written form.
The presence of a gesture in T2.1 can be seen in Figure 7, while the presence of a gesture and symbols
in T2.2 can be seen in Figure 8 and Figure 9.
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Figure 7. Pointing gesture of subject A in T2.1

Figure 8. Symbols and representational gesture of Figure 9. Pointing gesture of subject A in T2.2
subject A'in T2.2

Figure 7 shows that there is a pointing gesture when subject A explained the circle arrangement
pattern in the problem. Whereas Figure 8 and Figure 9 show that there is a pointing and representational
gesture when the subject counted the number of circles in the fourth term and wrote a symbol in the
form of a number, namely “4” below the fourth circle arrangement representing the fourth term of the
sequence.

At the stage of symbolic expression of generality, subject A did not process it in written form but
only expressed it during the interview, which resulted in no symbols appearing. However, for the ges-
ture, subject A only showed it in T3.1 when interviewed by researchers. The presence of a gesture in
T3.1 can be seen in Figure 10. Figure 10 shows that there is a pointing gesture made by subject A when
he explained how to generalize. Subject A made his pen as a pointer tool during generalization.

1~y s oy oy S o
gy vy S o——
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Figure 10. Pointing gesture of subject A in T3.1

Based on Figure 2, the gesture and symbols that appear at the manipulation generality stage are
only in T4.2. This happens because, in T4.1, subject A did not re-check his work and in T4.3 subject A
drew conclusions not in written form but spoken form during the interview. The presence of a gesture
and symbols in T4.2 can be seen in Figure 11 to Figure 14.
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Figure 11. Symbols and first representational gesture
of subject A in T4.2

symbols
angka 10.001

Figure 13. Symbols and writing gesture of subject A
inT4.2

Figure 12. Symbols and second representational

gesture of subject A in T4.2

Figure 14. The third representational gesture of

subject A in T4.2

Figure 11 to Figure 14 present the existence of (1) representational gesture when the subject wrote
the symbol “... ... ... ”, wrote a word in the form of “100 circles”, and wrote a numeric symbol in the form
of “99” which represent the arrangement of the circles in the 99th term drawn by subject A; (2)
representational gesture when the subject wrote the symbol “Uge” and “=" next to the symbol “10,001”
which means the number of circles in the 99th term is 10,001; and (3) writing gesture when the subject
wrote a numeric symbol in the form of 10,001 accompanied by the words “one zero zero zero one”.
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Figure 15. The problem sheet of subject B

Figure 16. The answer of subject B

The next discussion is the semiotics of problem-solving in Mason’s generalization carried out by
subject B. Based on Figure 15 and Figure 16, subject B first wrote what is known on the problem sheet
by writing the numbers 5, 10, 17 as the number of circles in the first to third terms respectively.
Determining the difference in the number of circles between two consecutive terms was the second step
taken by subject B. After knowing that the difference is not constant, subject B decided to use the
formula U, = An? + Bn + C to obtain a general pattern (U,). After obtaining the general pattern,
subject B determined U4 by substituting n = 4 to the general pattern that has been obtained. Subject B
drew an arrangement of circles for the fourth term by considering the pattern of the arrangement of
circles in the first to third terms. The final step taken by subject B was to determine the number circles
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in the 99th term by substituting n = 99 into the general pattern that has been found so that the result that
he obtained is 10,001 circles.

Transcript 2 (Transcript of interview with subject B)

P : What is known and asked in the problem?

B : Itis known that the number of circles in the first term is five, in the second term is 10, and in
the third term is 17. It is asked the number of circles in the fourth term, the number of circles
in the 99 term, and how to get a pattern to determine the number of circles in the 99th term.

(T1.1)
P . What strategies did you use to solve the problem?
B : Because | saw that the number of circles in the first term to the third term, which in my

opinion, formed a pattern, | used a strategy of determining the difference between two
successive terms (T1.2)

P : Please explain the pattern you mean!

B : The number of circles in the first term is five, in the second term is 10, and in the third term
is 17. Furthermore, the difference between the number of circles in the first and second terms
is five, and the difference between the number of circles in the second and third terms is
seven. The difference between five and seven is two. (T2.1)

P : For the number of circles in this fourth term, are you sure about the results you have
obtained? If so, please explain your reasons!

B : Since the number of circles in the fourth term | got from drawing the circles manually and
from calculating them with the formula yielded the same result, I am confident in my answer.
(T2.2)

P : Please explain how you would generalize the pattern in the sequence (Uy)!

B : lused the formula U,= An? + Bn + C where n = 1, 2, 3. | substituted the value of n into the

formula so that | obtained Uy =A+ B+ C=5,U,=4A+ 2B + C =10, and U3 = 9A + 3B
+ C = 17. | solved these three equations using the elimination and substitution method so
that | obtained A =1, B = 2, C = 2 which | then substituted back to the U, formula and got
the general pattern, namely U, = n’+ 2n + 2 (T3.1)

P . So, what is the general pattern that can be used to determine the number of circles in the n-

th term?

B : n’+2n+2(T3.2)

P : What did you do after you got that general pattern?

B : I determined the number of circles in the fourth term and then | determined the number of
circles in the 99th term (T4.2)

. Are you sure of all the answers you get? If so, please explain your reasons!

. Because | have double-checked the answer, especially to make sure the number of circles is
in the fourth term, | drew the circles manually then counted them and the answer was the
same as what | calculated using the formula. So, | am sure.

Then, have you double-checked your work?
No, | have not double-checked my work (T4.1)
. Please state the conclusion of your work!
. The fourth term has 26 circles, while the 99th term has 10,001 circles (T4.3)

m T

U T WO

Based on Transcript 2, subject B presents semiotic in the form of a word (spoken communication)
in all indicators of mathematical generalization. Furthermore, from Figure 15, it can be seen that there
are a gesture and symbols that appear at the perception of generality stage (T1.1 and T1.2). The presence
of gesture and symbols in T1.1 can be seen in Figure 17, while in T1.2 can be seen in Figure 18 and
Figure 19.
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symbols angka 5.10,17

Figure 17. Symbols and representational gesture of subject B in T1.1

symbols beda
stmbols angka 5.

Figure 18. Symbols and representational gesture of ~ Figure 19. Symbols and writing gesture of subject B
subject B in T1.2 inT1.2

Figure 17 shows that there is a representational gesture in numeric symbols, namely “5, 10, 17”
which represents the number of circles in the first three terms of the sequence respectively. Meanwhile,
from Figure 18 and Figure 19, it can be seen that there are representational and writing gestures when
the subject wrote symbols, both signs and numbers “5, 7, 2, accompanied by the words “five”, “seven”,
and “two”, where the two symbols represent the difference of the number of circles.

Based on Figure 15 and Figure 16, there is a gesture that appears at the expression of generality
stage (T2.1 and T2.2). Meanwhile, symbols only appear in T2.2 because at T2.1 subject B did not answer
them in written form. The presence of gestures in T2.1 can be seen in Figure 20, while the presence of
a gesture and symbols in T2.2 can be seen from Figure 21 to Figure 24.

Figure 20. Pointing gesture of subject B in T2.1

symbols U4=16+8+2

iy
o

Figure 21. Symbols and first writing gesture of Figure 22. Second writing gesture of subject B in
subject B in T2.2 T2.2
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symbols angku'26: *

Figure 23. Symbols, representational, and writing Figure 24. Symbols and representational gesture of
gesture of subject B in T2.2 subject B in T2.2

Figure 20 shows a pointing gesture when subject B explained the circle arrangement pattern on
the problem. Figure 21 and Figure 22 show a writing gesture when the subject wrote the symbol “Us =
16 + 8 + 2” accompanied by a word in the form of the phrase “sixteen plus eight plus two”, “sixteen
plus eight, twenty-four, twenty-four plus two, twenty-six”, and when the subject made the arrangement
of circles in the fourth term accompanied by words in the form of “one, two, three, four, five”.

Figure 23 shows that there are representational and writing gestures when the subject represented
the number of circles in the fourth term with the numeric symbol in the form of “26” accompanied by a
word in the form of the spoken expression “twenty-six”. Meanwhile, Figure 24 shows that there is a
representational gesture when the subject wrote a symbol that represents the difference between the
number of circles in the third and fourth terms.

Based on Figure 16, there are a gesture and symbols that appear in the symbolic expression of
generality (T3.1 and T3.2). The presence of gesture and symbols in T3.1 can be seen from Figure 25 to
Figure 28, while in T3.2 can be seen in Figure 29.

Figure 25. Symbols and first representational gesture Figure 26. Symbols and second representational
of subject Bin T3.1 gesture of subject B in T3.1

Figure 27. Symbols and third representational Figure 28. Symbols and fourth representational
gesture of subject B in T3.1 gesture of subject B in T3.1

Copyright © 2021, Jurnal Riset Pendidikan Matematika
ISSN 2356-2684 (print), ISSN 2477-1503 (online)



Jurnal Riset Pendidikan Matematika, 8 (1), 2021 -14
Thda Mutimmatul Fitriyah, Yuni Arrifadah, Siti Lailiyah

Figure 29. Symbols and representational gesture of subject B in T3.2

Figure 25 to Figure 28 present representational gesture in the symbols in the form of “U; = A +
B+ C=5;U;=4A+ 2B+ C=10and U; = 9A + 3B + C = 17” that are derived from “U,= An? + Bn
+ C” with U; = 5, U, = 10, U3 = 17, in the symbols in the form of “...1, ...2, ...3, ...4, dan ...5” that
represent the order of equation from fist equation to fifth equation, and in eliminating the symbol “— B”
in both equation 4 and equation 5. Meanwhile, Figure 29 shows that there is a representational gesture
in the symbol “U, = n? + 2n + 2” that is derived from “U,= An?+ Bn + C” with A=1,B=2,dan C =
2.

Based on Figure 15 and Figure 16, it can be seen that some signs and symbols only appear at the
manipulation stage in T4.1 and T4.2. Because in T4.3 the subject did not conclude the solution of his
problem-solving in written form, but in spoken form during the interview. A gesture and symbols in
T4.1 can be seen in Figure 30 and Figure 31, while a gesture and symbols in T4.2 can be seen in Figure
32.

NN vy e

Figure 30. Pointing gesture of subject B in T4.1 Figure 31. Symbols and writing gesture of subject B
inT4.1

- =
ce) R

Figure 32. Symbols and writing gesture of subject B in T4.2

Figure 30 and Figure 31 show there is a pointing gesture when the subject counted the number of
circles in the fourth term and writing gesture when the subject reconfirmed what he has been calculated
by writing the symbols “99 x 99 = 9801 and “99 x 2 = 198” accompanied by the words “nine eight
zero one” and “one hundred and ninety-eight”. Furthermore, Figure 32 shows that there is a writing
gesture on the symbol “Ugg = (99)2 + 2(99) + 2 = 9801 + 198 + 2 = 9801 + 200 = 10001 accompanied
by the words “one hundred and ninety-eight plus two, ninety thousand eight hundred one plus two
hundred, ten thousand and one” at the time of writing.
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Figure 33. The problem sheet of subject C Figure 34. The answer of subject C

Based on Figure 33 and Figure 34, subject C first wrote what was known on the problem sheet by
writing the numbers 5, 10, 17 as the number of circles in the first to the third term. The second step taken
by subject C is to look for general patterns (Un) by trial and error on the problem sheet. After finding
the general pattern U, = n? + 2n + 2, subject C determined the number of circles in the fourth term by
drawing the circles manually and substituting n = 4 to the general pattern that he has found. Finally, the
subject determined the number of circles in the 99th term by substituting n = 99 into the general pattern
so that he obtained 10,001 circles in that term.

Transcript 3 (Transcript of interview with subject C)

P
C

O 70

O 70

o

TOTO

: What is known and asked in the problem?
: Known that there are five circles in the first term, 10 circles in the second term, and 17 circles

in the third term. We were asked to determine the number of circles in the fourth and 99th
terms and explain how to obtain a pattern to be able to determine the number of circles in the
99th term. (T1.1)

: What strategies did you use to solve the problem?
: Because the black circles are patterned, I discovered the general pattern (U,) first, then |

answered what is asked in the problem (T1.2)

. Please describe the pattern you mean!
: The number of circles in the first, second, and third terms always increases. However, | do not

know exactly what pattern there might be. (T2.1)

: For the number of circles in this fourth term, are you sure about the results you have obtained?

If so, please explain your reasons!

: Yes, | am sure because the number of circles in the fourth term that | manually drew and

calculated from U4 yielded the same result (T2.2)

. Please explain how you would generalize the pattern in the sequence (Uy)!
: | divided the arrangement of the circles in each term into three parts. The lower-left corner

and the upper right corner are each composed of one circle and, at each term, the number of
these circles does not increase. The middle part forms a square model which is composed of
circles 1, 4, and 9 circles (a quadratic sequence) in the first, second, and third terms
respectively so that it can be stated that the number of circles in this part is n?. The remaining
part in each term is composed of 2, 4, and 6 circles (an even number sequence) so it can be
said that the number of circles in this part is 2n. Therefore, | could obtain the number of circles
in the n-th term by adding 2, n?, and 2n. (T3.1)

: So, what is the general pattern that can be used to determine the number of circles in the n-th

term?

© n?+2n+2(T3.2)

: How many circles are in the 99th term?

: 10,001 (T4.2)

: Are you sure of all the answers you get? If so, please explain your reasons!
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C : lamsure of the U, result that | have calculated. So, my results must be correct regarding the
number of circles in the fourth and 99th terms.

P : Then, have you double-checked your work?

C : No, I have not double-checked my work (T4.1)

P : Please state the conclusion of your work!

C : Inthe fourth term, there are 26 circles and there are 10,001 circles in the 99th term (T4.3)

Based on Transcript 3, subject C expressed the word (spoken communication) in almost all indi-
cators of mathematical generalization except in the indicator T4.1. In this indicator, subject C did not
double-check on his solution to the problem so that no word appeared. Figure 33 shows that there are
gesture and symbols that appear at the level of perception of generality (T1.1). The presence of a gesture
and symbols in T1.1 can be seen in Figure 35 and Figure 36.

Figure 35. Pointing gesture of subject C in T1.1 Figure 36. Symbols and representational gesture of
subject Cin T1.1

Figure 35 and Figure 36 show the pointing gesture and representational gesture when the subject
counted the number of circles in the first three terms of the sequence and writes the numeric symbols in
the form of “5, 10, 17” which represent the number of circles in each of these terms. Subject C used the
index finger of his right hand as a pointer tool during the counting process.

It is the same with the perception of the generality stage, based on Figure 33 and Figure 34 in the
expression of generality stage, subject C only showed gesture and symbols in T2.2. The presence of a
gesture and symbols in T2.2 can be seen in Figure 37 and Figure 38.

Figure 37. Symbols, representational gesture, and Figure 38. Symbols and representational gesture of
writing gesture of subject C in T2.2 subject C in T2.2

Figure 37 shows the representational and writing gestures when the subject represented the
number of circles in the fourth term with the symbol “26” accompanied by the words “twenty-six”.
Whereas Figure 38 shows the representational gesture when the subject wrote the symbol “U, = 42 +
2(4)+2 =16+ 8 +2 =26 as a result of the representation of “U, = n? + 2n +2”,

Based on Figure 33 and Figure 34, some symbols appear in the symbolic expression of generality
(T3.1 and T3.2), while a gesture only appears in T3.1. The presence of a gesture in T3.1 can be seen in
Figure 39.
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Figure 39. Pointing gesture of subject C in T3.1

Figure 39 shows there is a pointing gesture when the subject explained how to generalize. Subject
C made the middle finger of his right hand a pointer tool during the generalization process. While the
symbols that appear in T3.1 and T3.2 (see Figure 33) include “2@" — 27 “n? + 2n”, “n”, “2”, “(n x 3)
(2n)”, and “U, = n? + 2n + 2”. The symbol was written by subject C to generalize to obtain a general
pattern that he considered to be true.

Figure 33 and Figure 34 show that there are gesture and symbols that only appear at the
manipulation generality stage in T4.2 because in T4.1 subject C did not double-check at all and in T4.3
subject C did not draw a conclusion in written form but in the form of words (spoken communication)
during the interview. The presence of gestures and symbols in T4.2 can be seen in Figure 40. Figure 40
shows the representational gesture of subject C when writing the symbol “Ugg = (99)% + 2(99) + 2 = 9801
+198 +2=9801 + 200 = 10001 as a result of the representation of “U, = n? + 2n + 2”.

Figure 40. Symbols and representational gesture of subject C in T4.2
Discussion

The following is a summary of a semiotics of mathematics problem-solving in Mason’s generali-
zation which has been described in the results section. Table 6 shows that the three subjects can bring
up semiotics even though not as a whole in the generalization process. There is no semiotic appearance
at several stages because the subject passes or skips several stages in the generalization process. For
example, in T4.1 where only one subject raises the three semiotics in double-checking the solutions, but
not the other two subjects who are satisfied and sure of the solutions obtained. What these two subjects
do is in line with the opinion of Utami and Wutsga (2017, p. 174) which states that students do not
double-check their answers because they are satisfied with the answers they have obtained. Furthermore,
in T4.3, the three subjects only show semiotics of a word and do not show semiotics of gesture and
symbols. This is because they do not conclude the solutions to the problem in written form, but only in
spoken form during the interview.

The three types of gestures (pointing, representational, and writing) during the generalization pro-
cess were raised by the three subjects from the first to the last stage. In one stage or one indicator,
students can bring up more than one type of gesture simultaneously. This proves that gesture has its own
role in the process of generalizing patterns. This is following the opinion of Cook et al. (2017) that
gestures have a positive impact on learning in several domains, such as mathematics, science, and
foreign language.

Based on Table 6, in Mason’s generalization, students raise a gesture in the perception of gene-
rality (T1.1 and T1.2) and expression of generality (T2.1 and T2.2) stages. As for the symbolic expres-
sion and manipulation of generality stages, students only bring up a gesture in one indicator at each of
these stages, namely making generalizations (T3.1) and solving problems using the results of
generalizations (T4.2).
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Table 6. Summary of a semiotics of mathematics problem-solving in Mason’s generalization

Semiotics Code for indicators of Subject code

component Mason’s generalization Subject A Subject B Subject C

Gesture T1.1 v
T1.2 -
T2.1
T2.2
T3.1
T3.2
T4.1
T4.2
T4.3

Word T1.1
T1.2
T2.1
T2.2
T3.1
T3.2
T4.1
T4.2
T4.3

Symbols T1.1
T1.2
T2.1
T2.2
T3.1 -
T3.2 -
T4.1 -
T4.2 v
T4.3 -

AR
AN

AV NN N N N N N

AN
AN

NANENENENRNE
NANENENENRNE

NN N N RN RNE
NERN

AN NENANRNY
ASANENE NN
AN NENE N

The three subjects raised semiotics of word, whether in the spoken or written form, during the
generalization process, from the first to the last stage. However, it is different from other types of
semiotics, if it is seen from Table 6, it can be seen that in the generalization process, semiotics of word
appears more frequently and occur more because whatever words or sentences the subject says or writes
during the generalization process is one of the subject’s attempts to solve the problem. This is following
the opinion of Radford (2007, p. 95) that spoken or written words or sentences, gestures, and obser-
vations are students’ efforts to carry out the process of generalizing patterns.

Based on Table 6, in Mason’s generalization, students raise semiotics of a word in the perception
of generality (T1.1 and T1.2), expression of generality (T2.1 and T2.2), and symbolic expression of
generality (T3.1 and T3)..2). As for the manipulation of the generality stage, students generate semiotics
of words in two of the three indicators at this stage, namely solving problems using the results of
generalizations (T4.2) and drawing conclusions (T4.3).

As with gesture and word, symbols are also raised by all students from the first stage of gene-
ralization to the last stage. The form of the symbols that the students present during the generalization
process cannot be guessed, but the presence of these symbols shows the student’s effort in understanding
the problem of pattern generalization. This is in accordance with the opinion of Oers (2010, p. 31) that
the existence of symbols in problem-solving is an effort of students to understand the problem. Hashemi
(2013, p. 211) also emphasized that algebraic and symbolic strategies will often be used by students in
generalizing patterns in depth.

Based on Table 6, in Mason’s generalization, students raise semiotics of symbols in the perception
of generality (T1.1 and T1.2) and symbolic expression of generality (T3.1 and T3.2). As for the stages
of the expression of generality and manipulation of generality, students only generate semiotics of
symbols in one indicator at each of these stages, namely calculating the next term using the identification
result (T2.2) and solving the problem using the generalization result (T4.2).
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The results of this study indicate that each student has different ways and forms in bringing up
semiotics in solving a problem and making a generalization. This can be an alternative for teachers to
find out the extent to which students can understand and solve a problem. Moreover, the results of this
study support the opinion expressed by Oers (2010) and Radford (2007) that the existence of symbols,
spoken or written words or sentences, gestures, and observations are students’ efforts in understanding
the process of generalizing patterns. The quality and ability of students in learning mathematics will
increase if students are allowed to understand the process of generalizing patterns and get used to solving
problems that require them to make generalizations. Making generalizations is one form of inductive
reasoning in which reasoning is one of the five competencies that should be developed in students
through mathematics learning (NCTM, 2000).

This study was limited to the senior high school level with relatively few students and only
involved students who have high mathematical abilities. Other than that, the gesture types were limited
to a pointing gesture, representational gesture, and writing gesture. Future research is expected to reach
higher education levels, consider all levels of students’ mathematical abilities, and consider more diverse
types of gestures. The results of this study which show that students have different processes in
generalizing can be taken into consideration for teachers in improving the quality of the mathematics
learning process, especially to promote the skill of making generalizations of each student through the
implementation of certain learning model or method and presentation of certain mathematics problems.

CONCLUSION

Based on the results of the study and discussion, it can be concluded that students can show the
semiotics in the form of gesture, word, and symbols in Mason’s generalization process. However, at
several stages or indicators, students do not show semiotics. The absence of semiotics in several stages
or indicators is not because students cannot show the semiotics, but because students pass or skip these
stages. At the stage of perception of generality, semiotics in the form of gesture, word, and symbols can
appear simultaneously. However, for the stage of expression of generality, symbolic expression of gene-
rality, and manipulation of generality students do not show three semiotics simultaneously at each stage.

By understanding the fact that the semiotics and generalization processes carried out by students
are different, it is hoped that it can be taken into consideration by teachers in developing learning design
or model that is more appropriate so that students have opportunities to develop their generalizations in
the future. It is hoped that there will be further research based on the results of this study to improve the
quality of education because this study only focuses on students with high mathematical abilities. As a
consequence, the results of this study cannot be generalized thoroughly without distinguishing students’
mathematical abilities. Therefore, future research is expected to carry out further studies on the semiotics
of problem-solving in Mason’s generalization without differentiating students based on their mathema-
tical abilities.
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